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Abstract
Dual gravitational charges have been recently computed from the Holst term in
tetrad variables using covariant phase space methods. We highlight that they originate
from an exact 3-form in the tetrad symplectic potential that has no analogue in metric
variables. Hence there exists a choice of the tetrad symplectic potential that sets the
dual charges to zero. This observation relies on the ambiguity of the covariant phase
space methods. To shed more light on the dual contributions, we use the Kosmann
variation to compute (quasi-local) Hamiltonian charges for arbitrary diffeomorphisms.
We obtain a formula that illustrates comprehensively why the dual contribution to
the Hamiltonian charges: (i) vanishes for exact isometries and asymptotic symmetries
at spatial infinity; (ii) persists for asymptotic symmetries at future null infinity, in
addition to the usual BMS contribution. Our analysis further suggests a departure at
subleading orders from the usual BMS contribution. Finally, we point out that dual
gravitational charges can be equally derived using the Barnich-Brandt prescription
based on cohomological methods, and that the same considerations on asymptotic
symmetries apply.
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1 Introduction
Recent work [1, 2] has shown that, if one starts from the first-order tetrad Lagrangian in-
cluding a dual term (often called Holst term), the Hamiltonian charges at future null infinity
contain contributions from both the standard BMS terms and the new dual gravitational
charges defined in [3]. The calculation uses covariant phase space methods [4, 5, 6]. These
dual contributions to the charges, or dual charges for short, are present only in tetrad vari-
ables, and not in metric variables. The first goal of this brief note is to highlight that
the origin of this difference lies in the more general discrepancy between the metric and
tetrad symplectic potentials, which differ by a certain exact 3-form. In covariant phase
space methods one is free to add exact 3-forms to the symplectic potential, therefore there
exists a choice for tetrad variables that reproduces all results of the metric phase space, with
vanishing dual charges. This observation exposes an ambiguity of the dual contribution to
Hamiltonian charges.
The difference in symplectic potentials is partially tamed by the fact that isometries in
tetrad variables are not given by a simple Lie dragging, but require also fixing the internal
Lorentz transformations. The combined transformation is sometimes referred to as Kosmann
derivative in the literature; see e.g. [7, 8, 9], where it was shown that this prescription
correctly reproduces the metric Noether charges for any diffeomorphism, and the metric
Hamiltonian charges for isometries (see also [10, 11]). For asymptotic symmetries at spatial
infinity, the metric Hamiltonian charges (namely the Poincare´ charges) are reproduced using
either the Kosmann or the standard Lie derivative variations: their difference vanishes in
the limit [12, 13, 14]. For asymptotic symmetries at future null infinity, the Kosmann and
Lie derivative variations again coincide thanks to the fall-off conditions, which set to zero
the internal charges. However, the metric Hamiltonian charges (namely the BMS charges)
are not exactly reproduced, because there remains the additional dual contribution [2].
Our second goal is to better understand this state of affairs: why shifting from the Lie
transformation to the Kosmann transformation is needed for exact isometries but not for
asymptotic symmetries, and why the dual contribution survives at null infinity but not
at spatial infinity. To that end, we compute the Hamiltonian charges associated to the
Kosmann transformation for an arbitrary diffeomorphism and on an arbitrary 2d surface.
We obtain a formula that allows one to understand all different behaviours at a glance.
In particular, we show that for arbitrary diffeomorphisms, the Kosmann prescription for
Hamiltonian charges in tetrad variables fails to reproduce the metric expressions in both
standard and dual contributions. It is a property of the fall-off conditions that the metric
result is restored for both standard and (vanishing) dual contributions at spatial infinity;
and only for the standard contribution at future null infinity, leaving a non-vanishing dual
contribution.
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The formula has also implications if one is interested in studying subleading orders of the
charges in an expansion near future null infinity. These are more sensitive to the non-Killing
nature of the diffeomorphism in the bulk. Additional terms appear causing a departure
from the subleading standard BMS contributions computed in metric variables – unless
unforeseeable cancellations occur. The dual contribution remains on the other hand at all
orders. We point out that there exists a choice of tetrad symplectic potential that preserves
the non-vanishing dual contributions, and matches the standard BMS contributions at every
subleading order.
To complete our analysis, we consider the cohomological methods used to define charges
a` la Barnich-Brandt (BB) [15, 16, 17]. This addresses a question that was left open in
[2]. We point out that the general expression for the BB charges for the first-order tetrad
Lagrangian with the Holst term is identical to the one for the Hamiltonian charges obtained
with covariant phase space methods. Therefore the same considerations highlighted above
apply: using the Kosmann variation, the charges associated with isometries and asymptotic
symmetries at spatial infinity match the metric ones, with no dual contributions, whereas
the fall-off conditions of [2] at future null infinity lead to a dual contribution to the BB
charges in addition to the standard BMS one.
The existence of a dual contribution to the BMS charges using cohomological methods
allows one to argue against their ambiguity. There is in fact in this case a preferred choice to
avoid the ambiguities associated with freely adding exact 3-forms to the symplectic potential
(picking the weakly-vanishing Noether current). Standing by this choice, it is not possible
to set the dual contribution to zero, like it was possible with covariant phase methods alone.
At the same time, it is not possible to recover the metric expression for the subleading
standard BMS charges, which we expect to differ because of the properties of the Kosmann
transformation explained above. However, we point out that the dual contribution vanishes
exactly if one uses cohomological methods with a second-order tetrad Lagrangian. This might
come as a surprise, because it has been proved that the charges obtained from cohomological
methods for exact symmetries do not depend on the order of the Lagrangian chosen [16].
Our analysis shows that the situation is different for the case of asymptotic symmetries:
the presence of a dual contribution depends on the order of the Lagrangian. On the other
hand, the standard metric BMS contribution is obtained from both first and second order
Lagrangians. Therefore the dual contribution appears to be more fragile than the standard
contribution, and heavily depending of choices which are equivalent from the point of view
of field equations alone.
To highlight our main messages, we restrict attention to General Relativity without
torsion extensions. Including torsion can be easily done following the formulas provided in
[18], and does not change our main message. The presence of torsion introduces a non-
vanishing dual contribution to the Hamiltonian charges already in metric variables. But
the difference of the symplectic potentials by an exact 3-form remains, therefore this dual
contribution is inequivalent to the one computed using tetrad variables. For the related topic
of the contribution of torsion to the first law of black hole mechanics, see [19, 11].
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2 Tetrad and metric covariant phase spaces
2.1 Brief review of first-order formalism
The tetrad and metric Lagrangians in the first-order formalism have independent connection
variables, and are given, respectively, by
L(e,γ) := Le +
1
γ
L˜e =
1
2
IJKL e
I ∧ eJ ∧ FKL(ω) + 1
γ
eI ∧ eJ ∧ FIJ(ω), (1)
L(g,γ) := Lg +
1
γ
L˜g = gµνRµν(Γ)− 1
2γ
µνρσRµνρσ(Γ). (2)
The term proportional to 1/γ is often called Holst term in the literature [20], and we use
the conventions of [18] with  the volume 4-form. We use a tilde to distinguish the dual
Lagrangian from the standard one. A similar notation will be used for the potentials and
charges.
Taking arbitrary variations of the Lagrangian over the independent variables, one gets
the field equations and a boundary term dθ(δ). The latter is used to read the symplectic
potential θ(δ) in covariant phase phase methods. More precisely, the symplectic potential
is the integral of θ(δ) on the hypersurface Σ used to describe the phase space, but we will
use the same term for θ(δ) as well. The Lagrangians 1 and 2 define in this way two different
phase spaces, with potentials given respectively by
θ(e,γ)(δ) = θe +
1
γ
θ˜e = PIJKL e
I ∧ eJ ∧ δωKL, (3a)
θ(e,γ)µ(δ) = −1
6
µνρσθ(e,γ)νρσ = 2e
[µ
I e
ν]
J δω
IJ
ν −
1
γ
µνρσeνIeρJδω
IJ
σ , (3b)
where PIJKL =
1
2
IJKL +
1
γ
ηI[KηL]J , and
θ(g,γ)νρσ (δ) = θ
g +
1
γ
θ˜g = θ(g,γ)µ(δ)µνρσ, (4a)
θ(g,γ)µ(δ) =
(
2gρ[µgν]σ − 1
γ
µνρσ
)
gρλδΓ
λ
νσ. (4b)
By construction, the Lagrangian prescribes the symplectic potential up to the addition
of an exact 3-form. To stress this fact, we refer to the choices 3 and 4 as ‘bare’ choices.
The bare choices for two equivalent Lagrangians like 1 and 2, with the same set of physical
solutions, need not be equal, and in fact they turn out not to be. Using the defining relations
between the tetrad and the metric, and the corresponding one for the connections, 3 and 4
differ by an exact 3-form [14, 18],
θ(g,γ)(δ) = θ(e,γ)(δ) + dα(δ), (5)
α(δ) = −PIJKL eI ∧ eJ
(
eρKδeLρ
)
= ?(eI ∧ δeI) + 1
γ
eI ∧ δeI := α?(δ) + 1
γ
αγ(δ). (6)
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This relation1 has important consequences for covariant phase space methods, because two
symplectic potentials that differ by an exact 3-form define inequivalent symplectic structures,
Ω(g,γ)(δ1, δ2) = Ω
(e,γ)(δ1, δ2) + Ω
α(δ1, δ2) 6= Ω(e,γ)(δ1, δ2). (7)
The canonical generator of a gauge transformation δ is defined via /δH := Ω(δ, δ). Therefore
Eq. 7 implies that the tetrad and metric phase spaces carry different Hamiltonian charges
a priori. The difference has been studied already in the literature [7, 8, 14, 18], and we
report here only the formulas we need for our present discussion. We will first consider
arbitrary gauge transformations and finite regions, and afterwards focus the discussion on
isometries and asymptotic symmetries. Also, we will use the term charge in a rather loose
sense, referring to the defining equation /δH := Ω(δ, δ). Our considerations and main
message concern the general set-up preceding the specific integrability issues. If need be,
one can always restrict attention to diffeomorphisms tangent to the 2d surface, for which
integrability is immediate.
Before moving on, let us remark that the difference in bare symplectic potentials shows up
only because we are using a first order formalism. To compare the situation with the second
order formalism, we write ωIJ = ωIJ(e) + CIJ , where ωIJ(e) is the Levi-Civita connection
and CIJ is the contorsion. Using F IJ(ω) = F IJ(e) + dω(e)C
IJ + CIK ∧ CKJ , and changing
variables from ωIJ to CIJ , the tetrad Lagrangian 1 becomes
L(e,C,γ) = PIJKLΣ
IJ ∧ (F (e)KL + CKM ∧ CML)+ d (PIJKLΣIJ ∧ CKL)
= Lg + PIJKLΣ
IJCKM ∧ CML + d
(
PIJKLΣ
IJ ∧ CKL) , (8)
with the shorthand notation ΣIJ := eI ∧ eJ . The bare symplectic potential is
θ(e,C,γ)(δ) = θg(δ) + δ
(
PIJKLΣ
IJ ∧ CKL) . (9)
Since the second term is a total variation in field space, it does not affect the symplectic
structure, which is then equivalent to the metric one. We conclude that the second-order
tetrad Lagrangian will always produce the same charges as the metric theory with vanishing
torsion.
2.2 The origin of dual charges
Metric charges The metric Lagrangian (2) is invariant under diffeomorphisms given by
the ordinary Lie derivative, δξ = £ξ. Using the metric symplectic potential 4, the on-shell
result with vanishing torsion is [6]
/δH
(g,γ)
ξ = Ω
(g,γ)(δ, δξ) =
∫
∂Σ
δκξ − iξθ(g,γ)(δ)
= −
∫
∂Σ
1
2
µνρσ
[
(δ ln
√−g)∇ρξσ + δgρα∇αξσ
+ ξρ
(∇αδgασ + 2∇σδ ln√−g)− ξα∇ρδgσα]dxµ ∧ dxν (10)
= /δHgξ ,
1Here written in the absence of torsion. If torsion is present, there is an additional bulk term; see
Eq. (VIII.14) of [18].
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where κξ = −12µνρσ∇ρξσdxµ ∧ dxν = −12IJKLΣIJDKξL is the Komar 2-form, which also
coincides with Wald’s definition of the (metric) Noether charge for diffeomorphisms. We
observe that there are no dual metric charges, nor dependence of /δH
(g,γ)
ξ on γ, because the
γ-term of the metric symplectic potential (4) is proportional to the torsional part of the
connection, T µνσ = 2Γ
µ
[νσ], and therefore vanishes on-shell. This is why dual gravitational
charges are not present in the metric formulation without torsion, as pointed out in [1].
Tetrad charges The tetrad Lagrangian (1) is invariant under diffeomorphisms given by
the ordinary Lie derivative, δξ = £ξ, and also under internal Lorentz transformations, which
we denote by δλ. It is at times convenient to take a linear combination of the two trans-
formations, which results in the covariant Lie derivative Lξ := £ξ + δiξω. Using the tetrad
potential 3, the Hamiltonian charges for these gauge symmetries satisfy
/δH
(e,γ)
(λ,ξ) = Ω
(e,γ)(δ, δλ + δξ) =
∫
∂Σ
δq
(e,γ)
ξ − iξθ(e,γ)(δ) + δq(e,γ)λ
=
∫
∂Σ
1
2
IJKL
[
(iξω
IJ − λIJ)δΣKL − iξΣIJ ∧ δωKL
]
+
1
γ
∫
∂Σ
(iξω
IJ − λIJ)δΣIJ − iξΣIJ ∧ δωIJ (11)
= /δHe(λ,ξ) +
1
γ
/δH˜e(λ,ξ),
where q
(e,γ)
ξ = PIJKL iξω
IJΣKL = qeξ+ q˜
e
ξ/γ and q
(e,γ)
λ = PIJKL λ
IJΣKL are the tetrad Noether
charges for diffeomorphisms and internal Lorentz transformations.
The generic inequivalence of the charges defined by Eq. 10 and Eq. 11 should be manifest.
First of all, Eq. (10) has no internal Lorentz charges, as this gauge symmetry is absent in
the metric formalism. Second, the standard charges are different, for instance Eq. (10)
contains derivatives of ξ, while Eq. (11) does not. The difference can be further highlighted
manipulating the terms in Eq. (11) to obtain
/δHeξ =
∫
∂Σ
1
2
IJKL
(
iξω
IJδΣKL − iξΣIJ ∧ δωKL
)
=
∫
∂Σ
δqeξ − iξθe(δ). (12)
We see that both the Noether charge and the potential appearing here are different from
the metric ones, a difference not removed by their combination. Nonetheless, there are
circumstances in which Eq. 12 reproduces Eq. 10, most notably asymptotic symmetries at
spatial [12] and null [2] infinity. More on this in subsection 4.3.
Finally and more importantly for our discussion, non-trivial dual gravitational charges
are now present,
/δH˜eξ =
∫
∂Σ
(
iξω
IJδΣIJ − iξΣIJ ∧ δωIJ
)
=
∫
∂Σ
2£ξeI ∧ δeI . (13)
These have been studied in [1] and previously in [13]. The second equality follows from the
identities
iξω
IJδΣIJ = 2£ξeI ∧ δeI − 2dωξI ∧ δeI , (14a)
iξΣIJ ∧ δωIJ = 2d(ξIδeI)− 2dωξI ∧ δeI , (14b)
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and the fact that ∂Σ is compact. Both identities 14 can be proved starting from the tor-
sionless condition and taking either variations or an inner product with ξ. We use the term
dual charges for short, but it should be kept in mind that we are talking about the con-
tribution that the dual Lagrangian L˜e gives to the usual charges. In particular, these dual
contributions are associated with the usual diffeomorphism symmetries.
The dual charges are not affected by torsion, and therefore non-vanishing even in the
absence of torsion. This is quite different from what happens in metric variables, where we
have seen that zero torsion implies zero dual charges. It is useful to highlight the origin of
the non-zero contribution. When torsion vanishes, the tetrad Holst Lagrangian is exactly
zero, L˜e = ΣIJ ∧ F IJ = T I ∧ TI − d(eI ∧ T I) = 0. Accordingly, also its boundary vari-
ation is zero, dθ˜e(δ) = 0. But the bare symplectic potential reduces to an exact 3-form,
θ˜e(δ) = ΣIJ ∧ δωIJ = −d(eI ∧ δeI), instead of vanishing exactly like in the metric case.
Choosing to work with the bare symplectic potential means keeping the contribution to
the phase space of this exact 3-form, and it has the effect of introducing dual charges ab-
sent in the metric formulation. Hence, setting torsion to zero before or after extracting the
bare symplectic potential from the Lagrangian leads to different phase spaces and different
charges.2 This shows the severe and even surprising consequences of picking a representative
of a cohomology class instead of another. Or, in other words, of working with different al-
beit field-equation-equivalent Lagrangians, a point recently emphasized in [21]. The physical
meaning of these choices is for us something that still needs to be clarified. For instance,
a different viewpoint is that the freedom to add exact 3-forms, which was referred to as
ambiguity of type II of covariant phase space methods in [6], should not affect the physical
applications of the charges. As an example, the first law of black hole mechanics can be
shown to hold independently of any choice for the symplectic potential [6, 14].
As a final remark about the dual charges, it is also clear from their expression 13 that they
are not gauge-invariant (under the internal Lorentz transformations) unless δΣIJ vanishes, a
property shared with the standard tetrad charges 12. This fact is to be expected since £ξ is
not covariant under the internal Lorentz transformations, and can be dealt with in various
ways. One is the Kosmann prescription discussed in Sec. 4.
3 Dressing the symplectic potential
All the differences between Eq. 10 and Eq. 11 are to be traced back to Eq. 5. If we choose
θ′(e,γ)(δ) := θ(e,γ)(δ) + dα(δ) (15)
as symplectic potential, we define a covariant phase space for tetrad gravity that matches
exactly the metric one. In particular, we can see immediately that the “dressed” potential
2And it appears to be the reason why the existence of the dual charges was omitted in [10]. Taking
instead a variation of the Nieh-Yan term d(eI ∧ T I) gives a bare symplectic potential which is exactly zero
in the absence of torsion, so no contribution to the dual charges in this case.
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θ′(e,γ) reproduces all metric Noether and Hamiltonian charges:
j′(e,γ)(δξ) = θ′(e,γ) − iξL(e,γ) = θg,γ(δξ)− iξL(g,γ) = j(g,γ)(δξ), (16)
Ω′(e,γ)(δ, δξ) = Ω(e,γ)(δ, δξ) + Ωα(δ, δξ)
=
∫
Σ
δθ(e,γ)(δξ)− δξθ(e,γ)(δ)− θ(e,γ)([δ, δξ]) + d
[
δα(δξ)− δξα(δ)− α([δ, δξ])
]
=
∫
Σ
δθ(g,γ)(δξ)− δξθ(g,γ)(δ)− θ(g,γ)([δ, δξ]) = Ω(g,γ)(δ, δξ). (17)
It is actually instructive to see the restoration of the Hamiltonian charges explicitly. The
contribution of the DPS 2-form (6) to the generators [18] can be conveniently written as
/δH
(α,γ)
(λ,ξ) = PIJKL
∫
∂Σ
−δ(ΣIJeρK)£ξeLρ + £ξ(ΣIJeρK)δeLρ + λIJδΣKL
=
∫
∂Σ
δκξ − δqeξ − iξdα? +
1
2
IJKLλ
IJδΣKL +
1
γ
∫
∂Σ
λIJδΣ
IJ − 2£ξeI ∧ δeI (18)
= /δHα(λ,ξ) +
1
γ
/δH˜α(λ,ξ),
where we used the identity eν[I£ξe
J ]
ν = D[IξJ ] +iξω
IJ . If we add Eq. 18 to Eq. 11, the internal
Lorentz charges cancel immediately, both standard and dual. The cancellation of the dual
gravitational charges is also immediate, thanks to the identities 14.3 Finally, the matching of
the standard diffeomorphism charges should be evident using Eq. 12 and Eq. 5. Its explicit
proof was presented in [14, 18]. For the current purpose of this note, what is important to
stress is that the dual charges arise uniquely from the exact 3-form dα accounting for the
discrepancy in Eq. (5). It is therefore possible to set them to zero if one decides to use the
“dressed” potential θ′(e,γ) to define the phase space of tetrad General Relativity.
4 Isometries and the Kosmann derivative
A Killing vector Lie-drags the metric, but in general it will only Lie-drag the tetrad up to an
internal Lorentz transformation. The corresponding notion of isometry for tetrad variables
can be introduced using the Kosmann derivative (see e.g. [7, 8])
K(e)ξ := £ξ + δλ¯, λ¯IJ := D[IξJ ] + iξωIJ , (19)
which satisfies K(e)ξ eI = 0 if ξ is Killing. Notice that this transformation depends non-linearly
on the tetrad itself, so it is a field-dependent gauge transformation.
Before the difference between symplectic potentials (5) was pointed out, it was proposed
in [7, 8] to take as definition of charges in tetrad gravity those associated with the Kosmann
derivative 19. It is straightforward to see that
θ(e,γ)(δλ¯) ≡ dα(£ξ) (20)
3For compact ∂Σ. If we were in a context where the boundaries of ∂Σ matter, one would need a further
dressing of the DPS 2-form by an exact 2-form to cancel this term.
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for any diffeomorphisms, for both standard and dual contributions of the potential [18];
therefore we can understand the effectiveness of the Kosmann treatment from the more
general relation 5. In particular, the Noether charges of the Kosmann variations coincide
with the metric charges for any diffeomorphism:
j(e,γ)(K(e)ξ ) = θ(e,γ)(£ξ) + θ(e,γ)(δλ¯)− iξL(e,γ) = θ(g,γ)(£ξ)− iξL(g,γ) = j(g,γ)(£ξ), (21)
thanks to Eq. 5. We notice that the Noether charge computed in this way has no dual
contribution from the Holst term.
For the Hamiltonian charges the situation is less straightforward, since they involve
also (Lie derivatives of) θ(e,γ)(δ) for arbitrary variations. Let us see what the Kosmann
prescription gives for the Hamiltonian charges. As shown in [18], Eq. 11 is valid also with a
field-dependent parameter λIJ . Therefore, we can compute the charge associated with the
Kosmann derivative using linearity of the generators and Eq. 19, and obtain
Ω(e,γ)(δ,Kξ) = Ω(e,γ)(δ,£ξ) + Ω(e,γ)(δ, δλ¯)
=
∫
∂Σ
PIJKL
(
iξω
IJδΣKL − iξΣIJ ∧ δωKL − λ¯IJδΣKL
)
(22)
=
∫
∂Σ
−PIJKLδ
(
D[IξJ ]ΣKL
)− iξθg + iξdα(δ) + PIJKLΣIJδλ¯KL
= /δHgξ +
∫
∂Σ
iξdα(δ) + PIJKLΣ
IJδλ¯KL. (23)
Here we used that the first two terms of the third line reproduce the metric expression (10),
since the dual Komar 2-form dξ gives no contribution because ∂Σ is compact. For the same
reason, we can replace iξdα(δ) with £ξα(δ). An explicit calculation, reported in App. A,
shows that
£ξα(δ) = −PIJKLΣIJδλ¯KL +Aξ(δ), (24)
Aξ(δ) :=
[1
2
µνρσ(e
I
α£ξg
αρ +∇αξαeρI)−
1
γ
£ξgµσe
I
ν
]
δeσI dx
µ ∧ dxν . (25)
from this result, we conclude that the Hamiltonian charges associated to the Kosmann
variation for an arbitrary diffeomorphism are
Ω(e,γ)(δ,Kξ) = /δHgξ +
∫
∂Σ
Aξ(δ). (26)
There are two remarks to make about this formula. First, in any situation where Aξ does
not vanish, the Kosmann prescription gives a different result than the charges in metric
variables. Second, the whole dual contribution to any charge comes from the γ contribution
of the Aξ(δ) term, marking the discrepancy between Kosmann and Lie variations.
Eq. (26) allows us also to point out another important difference between standard and
dual contributions. Consider the case of ξ tangent to the 2d surface ∂Σ. In this case, the
standard contribution is manifestly integrable since the pull-back of iξθ
(g,γ) vanishes. The
actual charge corresponds to the Noether charge, namely the Komar 2-form. The dual
contribution is also integrable (this follows from similar considerations, but has also been
shown explicitly in [2]), but differs from the Noether charge, which vanishes.
We now specialize this formula to isometries and asymptotic symmetries, explaining how
it allows us to recover different known results.
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4.1 Isometries
Let us consider the case of ξ being a Killing vector. Since £ξe
I = −λ¯IJeJ , an isometry gives
non-zero dual charges 13. These have the same structure of internal Lorentz charges, and are
exactly cancelled by the δλ¯ part of the Kosmann transformation. Therefore, the Kosmann
prescription restores perfectly the expression 10 in metric variables for exact symmetries [7,
8, 9, 10]. Both dual charges and internal Lorentz charges are absent. From the perspective of
Eq. 26, this result is established observing thatAξ(δ) vanishes for isometries. Or equivalently,
£ξα(δ) = −PIJKLΣIJδλ¯KL (27)
for ξ Killing, as shown already in [14].
4.2 Asymptotic symmetries at spatial infinity
At spatial infinity, it is known that the expression 12 associated with the Lie derivative is
enough to recover the Poincare´ charges [12]. Furthermore, there is no contribution coming
from L˜e [22], so no dual contribution appears. These results can be understood because the
whole contribution from α(δ) vanishes in this limit [14]: therefore the tetrad diffeomorphism
charges match the metric ones. The same results can be reproduced using the Kosmann
variation, because Ω(e,γ)(δ, δλ¯) also vanishes in this limit. This explains why it is possible to
obtain the Poincare´ charges from the Lie derivative, without explicitly studying the Kosmann
variation. From the perspective of Eq. 26, the recovery of the Poincare´ charges follows
because LHS reduces to Ω(e,γ)(δ, δξ) in the limit, and Aξ(δ) 7→ 0.
4.3 Asymptotic symmetries at future null infinity
What is more important and somewhat surprising, is that the Hamiltonian charges associated
to the Kosmann variation fail to reproduce the metric results for asymptotic symmetries at
null infinity, albeit only in the sector of dual contributions. This is the main result of [2],
and also the main motivation for our analysis. It can be immediately derived from Eq. 26
and the fall-off conditions of [2]. A simple calculation reported in App. B shows that∫
S2∞
Aξ(δ) = 1
2γ
∫
S2∞
δgBD
(∇AξD +∇DξA) dxA ∧ dxB +O(r−1). (28)
Here A = 2, 3 are sphere indices, but the whole spacetime metric is used to raise and lower
indices. In particular, the standard piece (the first two terms of Eq. 25) is entirely subleading
and the only leading contribution comes from the dual piece (the third term of Eq. 25). The
result coincides with the limit of the dual charge 13 computed in [2]. Therefore, it is the
contribution of Aξ in Eq. 26 that is entirely responsible for the presence of dual charges at
future null infinity I.
Let us briefly recall the derivation used instead in [2]. The authors show that: (i) the
λ¯IJ terms in Eq. 22, both standard and dual, have vanishing limits at I, so that there is no
contribution from Ω(e,γ)(δ, δλ¯); (ii) the δΣ
IJ terms, both standard and dual, have vanishing
limits; thus the only contribution comes from the δωIJ terms, that are gauge-invariant; (iii)
the limit of the δωIJ terms reproduce the standard BMS terms, supplemented with the dual
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charges 13, whose integrand can be rewritten as 2dωξI ∧ δeI thanks to 14a. The last limits
(iii) can be also understood from the perspective of α(δ). Using the given fall-off conditions,
one finds that the standard term α?(δ) vanishes in the limit to I, therefore the standard
charge must coincide with the metric one. But the dual term αγ(δ) does not vanish, therefore
the dual charges remain.
Our discussion and slightly different derivation allow us to frame the results of [2] in the
broader context of the differences between tetrad and metric symplectic structures, and to
derive the following lesson. Using the Kosmann prescription, dressing or not the symplectic
potential is irrelevant for exact isometries or asymptotic symmetries at spatial infinity. But
it makes a big difference for asymptotic symmetries at future null infinity: dual charges
are either present or not, respectively without or with dressing. This can be summarized
if we re-express Eq. 26 as a difference between using the Kosmann prescription to compute
charges, and adding the 2-form α(δ) to match the metric charges:
Ωα(δ, δξ) = Ω
(e,γ)(δ, δλ¯)−
∫
∂Σ
Aξ(δ). (29)
There are additional implications of this formula. While the Hamiltonian charges are
usually most useful when associated to exact symmetries and asymptotic symmetries, there
is a growing body of work in the literature concerned with charges beyond symmetries (e.g.
[23, 21]), and with subleading terms of the asymptotic symmetries (e.g. [24]). In this context,
Eq. 26 and Eq. 29 show that there will be in general departures from the results in metric
variables also for the contribution coming from the standard Lagrangian, and not just from
the dual Lagrangian. This has specific implications for the subleading terms in an expansion
near null infinity. We find that the first non-vanishing terms of the standard contribution in
Aξ(δ) appear at order r−2; see App. B. These imply, unless they cancel for reasons that we
cannot forsee at this stage, a discrepancy between the tetrad Kosmann calculation and the
metric Lie calculation, at subleading orders.
5 Dual charges from cohomological methods
The starting point for the cohomological methods is the field equationsE(e) andE(ω) obtained
varying the tetrad Lagrangian 1. Specializing the variation to a general gauge transformation,
we have [25, 9, 10, 19]
δ(λ,ξ)e
I ∧E(e)I + δ(λ,ξ)ωIJ ∧E(ω)IJ = N(λ, ξ) + dS(λ, ξ), (30)
with
N(λ, ξ) = (iξω
IJ − λIJ)(E(e)I ∧ eJ − dωE(ω)IJ )− iξeIdωE(e)I + iξT I ∧E(e)I + iξF IJ ∧E(ω)IJ
= 2PIJKL[(λ
IJ − iξωIJ)eK ∧ (dωTL − FLM ∧ eM) + iξeIeJ ∧ dωFKL], (31)
and
S(λ, ξ) := iξe
I
E
(e)
I + (iξω
IJ − λIJ)E(ω)IJ
= 2PIJKL
[
iξe
IeJ ∧ FKL + (iξωIJ − λIJ)eK ∧ TL)
]
. (32)
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The 3-form 32 is closed on-shell thanks to Eq. 30, and it is taken as definition of Noether
current in the cohomology approach. It differs from Wald’s definition of Noether current [6]
by an exact form, which is nothing but dκξ in the metric case, and dq
e,γ
(λ,ξ) in the tetrad case.
We notice that just like the Lagrangian defines the symplectic potential up to addition of
an exact 3-form, also the field equations define S(λ, ξ) up to addition of an exact 3-form.
However the “bare” choice 32 can be singled out as the unique current that is both closed
and vanishing on-shell. For this reason, it is referred to as weakly-vanishing Noether current
in the literature. This choice effectively eliminates the equivalent of ambiguity II in the
cohomological approach.
The BB charges are defined from the action of a certain homotopy operator I(3)δ on
S(λ, ξ), and are related to the Hamiltonian charges by
/δQBB(λ,ξ) :=
∫
∂Σ
I(3)δ S(λ, ξ) ≡ /δHe(λ,ξ) −
∫
∂Σ
1
2
I(3)δ θ(δ(λ,ξ)), (33)
see e.g. [26, 18]. For first order theories, θ(δ) does not contain derivatives of the dynamical
fields and thus lies in the kernel of the homotopy operator. As a consequence, the BB
charges always coincide with the Hamiltonian charges. In fact, BB charges for the standard
Lagrangian of tetrad gravity were computed in [9], and shown to reproduce the standard
Hamiltonian charges /δHe(λ,ξ) in Eq. 11. As for the dual charges, these can be easily deduced
from the formulas of [9], and were also explicitly given in [18], showing that they indeed
reproduce the part /δH˜e(λ,ξ) of Eq. 11. Explicitly,
/δQBB(λ,ξ) =
∫
Σ
I
(3)
δ S(λ, ξ) =
∫
∂Σ
PIJKL[(iξω
IJ − λIJ)δΣKL − iξΣIJ ∧ δωKL]. (34)
To discuss the case of isometries or asymptotic symmetries, we can use again the Kosmann
prescription. In fact, notice that Eq. 34 is valid also with the field dependent parameter λ¯IJ in
place of λIJ , since λ¯IJ does not contain derivatives of the fundamental fields and therefore lies
in the kernel of I
(3)
δ . The BB charges associated with the Kosmann variation are therefore
given by the same calculation 23, and we arrive at the same conclusions: the tetrad BB
charges with the Kosmann variation reproduce the metric BB charges with the Lie variation
in the case of exact symmetries (and recall that in this case, the BB metric charge coincides
with Eq. 10). More in general, one obtains Eq. 26. For asymptotic symmetries, these recover
the Poincare´ charges at spatial infinity, and the BMS charges supplemented with the dual
contribution at null infinity. We conclude that the dual contributions to the BMS charges
can be computed also with cohomological methods, answering positively the question raised
in the conclusions of [2].
This result puts the dual charges on firmer grounds, since the BB charges do not suffer
from the same ambiguities of the Hamiltonian charges.4 But it is not the end of the story,
because on the other hand, the presence or not of the dual contribution depends on the
order of the Lagrangian used. If we start with the tetrad Lagrangian in second order form
4Even though the lack of ambiguity does not follow from additional physical input, but simply from the
preferred choice of working with the unique weakly-vanishing Noether current. Let us add that if we give up
this choice, we can add the exact 3-form dα(δ) to S(λ, ξ), and the BB charges would then match the metric
ones [18]: no dual contributions in this case.
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Eq. 8, with or without (con)torsion, the BB charges reproduce exactly the metric ones, see
e.g. [18]. This can be seen also directly from Eq. 32: if one goes on-shell of the torsionless
condition before or after applying the homotopy operator, the result differs in the dual
sector (see also the analogue discussion at the end of Sec. 2.2). Therefore the existence of
the dual contribution depends crucially on the choice of first or second order formalism for
the Lagrangian.
This lead us also to a more general remark about cohomological methods. It is known
that the charges they define are independent of the order of the Lagrangian (or more in
general of field redefinitions [16]) for exact symmetries (and for tetrad gravity, the notion
of isometry is the Kosmann variation). For asymptotic symmetries, the analysis presented
here shows that with the fall-off conditions considered, the independence of the order of the
Lagrangian holds at spatial infinity but not at null infinity, albeit for the dual Lagrangian
only.
6 Conclusions
In this note, we drew attention to the fact that the dual contribution to the Hamiltonian
charges arises from an exact 3-form in the tetrad symplectic potential originating from the
Holst sector. In the metric symplectic potential, on the contrary, the term in the symplectic
potential originating from the Holst sector vanishes exaclty in the absence of torsion.
A new technical result of this work is the computation of the (quasi-local) Hamiltonian
charges associated to general diffeomorphisms via the Kosmann derivative (26). This formula
allows us to give a comprehensive understanding of various results in the literature, and to
expose the presence of discrepancies with the metric results when the diffeomorphism is not
a Killing vector. The discrepancies play a role in the study of subleading orders of the BMS
charges near future null infinity.
An interesting open question at this point is whether there exist slightly different fall-
off conditions to future null infinity, such that the Kosmann prescription matches exactly
the metric charges, including vanishing dual contributions, as it does at spatial infinity. A
similar question for future work is whether the discrepancy Aξ(δ) persists at spatial infinity
under the fall-off conditions considered in [27] to enlarge the Poincare´ symmetry group.
We also pointed out that using the ambiguity of covariant phase space methods, it is
possible to redefine the tetrad phase space so that the dual contributions are exactly zero.
There is also a “half-dressing” choice, adding only dα?(δ) and not dαγ(δ), that allows one to
keep the dual contributions, while being guaranteed to recover the standard BMS contribu-
tion at all orders near future null infinity. Ultimately, one needs a physical prescription to fix
the freedom of making these choices. For instance, the possibility of dressing the symplectic
potential adding exact 3-forms has been advocated to extend the asymptotic symmetries to
include superrotations [28]. If a dressing is added, it would also be useful to have an inter-
pretation for it in terms of a boundary Lagrangian depending on new fields, as for instance
in [29, 21, 30]. From this point of view, we recall that the internal Lorentz charges are set
identically to zero with the boundary Lagrangian of [29]. It would be interesting to see what
happens to the dual contributions to the charges in this set-up.
In the light of this discussion, the presence of dual BMS charges at future null infinity
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appears to us on a more ambiguous footing than the standard BMS charges, in the sense that
the former depend on the variables used and on the order of the Lagrangian. It would then
be preferable to have a physical effect that could be directly linked to these contributions,
to settle the issue. However it is at present not clear to us how this can be found, since as
far as we understand, these dual contributions do not contain radiative modes, and would
not impact the flux-balance laws in contrast to the standard BMS charges (see e.g. [31]).
They would instead be absolutely conserved, like the NUT charges [32].
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A The Lie vs. Kosmann discrepancy
In this Appendix we report the calculation of Eq. 24. As discussed in the main text, a
way to compare the Kosmann Hamiltonian charges with the tetrad potential and the Lie
Hamiltonian charges with the metric potential, is to see whether the Kosmann contribution
θ(e,γ)(δλ¯) matches the Lie derivative of the DPS 2-form (6). To that end, we compute £ξα?
and £ξαγ. The latter is a straightforward calculation:
£ξ(eI[µδe
I
ν]) = −£ξgσ[µeIν]δeσI + (£ξeI[µ)δeν]I + eI[µ£ξδeIν] = −£ξgσ[µeIν]δeσI − ΣIJδλ¯IJ . (A.1)
The computation of £ξα? is more involved. We first notice the identity
µραβe
α
I e
β
J£ξe
I
νδe
ρJ = µναβe
α
I e
β
J£ξe
I
ρδe
ρJ +
1
2
µλαβ
λσγδγδνρe
α
I e
β
J£ξe
I
σδe
ρJ
= µναβe
α
I e
β
J£ξe
I
ρδe
ρJ − µραβeαI eβJ£ξeIνδeρJ + µνβρ∇αξαeβI δeρI − µανρ£ξeαI δeρI , (A.2)
from which we have
µραβe
α
I e
β
J£ξe
I
νδe
ρJ =
1
2
µναβe
α
I e
β
J£ξe
I
ρδe
ρJ +
1
2
µνβρ∇αξαeβI δeρI +
1
2
µναρ£ξe
α
I δe
ρI . (A.3)
Then, we compute
1
2
IJKL
[
ΣIJδeρK£ξe
L
ρ −£ξ(ΣIJeρK)δeLρ
]
=
1
2
µναβe
α
I e
β
Jδe
ρI£ξe
J
ρ +
1
2
µναρe
α
JeβIδe
ρI£ξe
βJ + µραβe
α
I e
β
J£ξe
I
νδe
ρJ
= −1
2
µναβe
α
I e
β
J£ξe
I
ρδe
ρJ +
1
2
µναρe
I
βδe
ρ
I£ξg
αβ − 1
2
µναβ£ξe
α
I δe
βI + µραβe
α
I e
β
J£ξe
I
νδe
ρJ
=
1
2
µναρe
I
βδe
ρ
I£ξg
αβ +
1
2
µνβρ∇αξαeβI δeρI
=
1
2
µνρσ
(
eIα£ξg
αρ +∇αξαeρI
)
δeσI . (A.4)
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In the second equality we exchanged I and J in the first term and expanded eαJ£ξe
βJ in the
second term. In the third equality we used A.3. This quantity vanishes for a Killing vector,
and measures the failing of the Kosmann prescription to reproduce the metric Hamiltonian
generator for a non-Killing diffeomorphism.
B Limit at future null infinity
We use Bondi coordinates xµ = (u, r, xA), with {A,B, . . . } denote coordinates indices on the
2-sphere. For convenience of the reader, we report here the expressions for the tetrad and
the fall-off conditions at future null infinity from [2]. The tetrad is chosen in doubly-null
form, with e0µe
1µ = −1 and e2µe3µ = 1, and adapted to the Bondi coordinates, as follows:
e0µdx
µ =
1
2
Fdu+ dr, eµ0∂µ = ∂r, (B.5a)
e1µdx
µ = e2βdu, eµ1∂µ = e
−2β
(
∂u − 1
2
F∂r + C
A∂A
)
, (B.5b)
eiµdx
µ = rEiA
(
dxA − CAdu) , eµi ∂µ = 1rEAi ∂A, (B.5c)
where i = 2, 3, and (EiA, E
A
i ) are the dyad and its inverse on the 2-sphere. The functions F ,
β, EiA and C
A have the following fall-off behaviours
CA(u, r, xB) =
CA0 (u, x
B)
r2
+ o(r−2), (B.6a)
F (u, r, xA) = 1 +
F0(u, x
A)
r
+ o(r−1), (B.6b)
β(u, r, xA) =
β0(u, x
A)
r2
+ o(r−2), (B.6c)
EiA(u, r, x
B) = EˆiA(x
C) +
CAB(u, x
C)EˆiB(xC)
2r
+ o(r−1). (B.6d)
We can now evaluate the limit of Aξ(δ). The standard contribution, pulled back on the
2-sphere, gives
1
2
µνρσ
(
eIα£ξg
αρ +∇αξαeρI
)
δeσI
S2
=
1
2
ABur
[
e1uδe
r
1£ξg
uu − e1uδeu1£ξgur +∇αξα
(
eu1δer1 − er1δeu1
)]
=
1
2
ABur
[(
Fδβ − 1
2
δF
)
£ξg
uu + δβ£ξg
ur − e−2βδβ∇αξα
]
= o(r−1), (B.7)
where we have used the fall-off conditions above and the properties that, for BMS generators,
£ξg
ur = o(r−1), £ξguu = 0, and ∇αξα = o(r−1). Therefore, we conclude that the standard
contribution of Aξ vanishes at future null infinity, as well as at the first subleading order.
Discrepancies in the standard contributions are expected to arise at order r−2. These should
be explicitly computed to see whether they affect the Newman-Penrose charges found at
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order r−3 in metric variables [24]. The dual contribution gives Anche qui possiamo evitare i
differenziali per renderal piu leggibile facilmente
1
γ
£ξgσ[µe
σ
I δe
I
ν]
S2
=
1
γ
(∇[Aξσ +∇σξ[A) eσi δeiB]
=
1
γ
(∇[AξC +∇Cξ[A) eCi δeiB]
=
1
γ
(∇[AξC +∇Cξ[A) EˆCi EˆiDδCB]D
2r
+ o(r−1)
=
1
2γ
(∇[AξC +∇Cξ[A) gCDδgB]D + o(r−1)
=
1
2γ
[(∇[AξD +∇Dξ[A)− grD (∇[Aξr +∇rξ[A)] δgB]D + o(r−1)
=
1
2γ
(∇[AξD +∇Dξ[A) δgB]D + o(r−1), (B.8)
where we used the metric on the 2-sphere, γAB = Eˆ
i
AEˆiB, gAB = r
2γAB + rCAB +O(r), and
δγAB = 0. In the last step, we used, g
uA = 0 in Bondi coordinates, and for BMS generators
∇Aξr = gur∇Aξu = −guA∇rξu = 0 and ∇rξA = guA∇rξu + gAB∇rξB = −grB∇AξB = 0
because grB = 0 in Bondi coordinates. This finishes the proof of Eq. (28).
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